Motivated by the recent discussions of the Penrose limit of AdS 5 × S 5 , we examine a more general class of supersymmetric pp-wave solutions of the type IIB theory, with a larger number of non-vanishing structures in the self-dual 5-form. This allows us to find new examples where supersymmetries will survive in a T-duality transformation on the x + coordinate. The T-dual solutions can be lifted to give supersymmetric deformed M2-branes in D = 11. The deformed M2-brane is dual to a three-dimensional field theory whose renormalisation group flow runs from the conformal fixed point in the infra-red regime to a non-conformal theory as the energy increases. At a certain intermediate energy scale there is a phase transition associated with a naked singularity of the M2-brane. In the ultra-violet limit the theory is related by T-duality to an exactly-solvable massive IIB string theory.
Introduction
Maximally supersymmetric type IIB pp-waves [1] turn out to arise as the Penrose limit [2] of AdS 5 × S 5 [3, 4] . The pp-wave provides a background that gives rise to an exactly-solvable string theory, with free massive fields in the light-cone gauge [5, 4] . This provides a way of studying the dual N = 4 superconformal field theory in the Penrose limit [4] . Owing to the exact solvability of the system, there has been a burgeoning activity in the subject [6] - [13] . In this paper we shall consider other examples of supersymmetric pp-waves, with more general structures for the 5-form field strength. Our focus will be on examples where there are Killing spinors that are independent of the x + coordinate, thereby allowing us to obtain solutions that remain supersymmetric after T-dualisation. After lifting these to D = 11, we obtain supersymmetric deformed M2-branes.
The Penrose limit of the AdS 5 × S 5 solution of the type IIB theory is given by
where the 4-form Φ (4) , which is self-dual in the flat metric dz 2 i on E 8 , is given by
This particular solution preserves all the supersymmetry. This is a special case of a more general class of pp-wave solution, in which Φ (4) in (2) is replaced by any constant self-dual 4-form on E 8 , and with the metric (1) generalised to
where H is a function on E 8 satisfying the equation
Different choices of Φ (4) give rise to different amounts of preserved supersymmetry; generically there will be 16 Killing spinors, with an additional 16 if Φ (4) has the form (3) (or a structure related to this one by symmetry) and H is taken to be quadratic and isotropic in z i , as in (1) [1] . 1 Writing (4) in the form
1 Note that one can include solutions of the homogeneous equation, giving contributions of the form Q/(z 2 i ) 3 in H.
we can perform a T-duality transformation on the ∂/∂x + Killing direction, thereby obtaining a deformed string solution of the type IIA theory, where the function H has the 4-form F (4) = µ Φ (4) as its source. Lifting this to D = 11, one then obtains a deformed M2-brane solution of M-theory, in which the 4-form carries an additional flux µ Φ (4) :
The coordinates t and x 1 are 2x − and x + respectively, and x 2 is the eleventh coordinate.
For convenience, we are assuming here that H is positive so that x + is spacelike and x − is timelike. This can easily be achieved, for a range of the coordinates z i , by taking the solution of (5) to be H = c 0 − m 2 z 2 i , where c 0 is a positive constant. The inclusion of this constant is not in contradiction with what one can obtain from a Penrose limit, since it can be introduced merely by performing a coordinate transformation
The inclusion of this constant has the merit of making the discussion of T-duality simpler, since the Killing coordinate can then be taken to be spacelike rather than timelike. We shall return to this point later, in section 6.
Although ∂/∂x + is a Killing direction, allowing the above T-dualisation to be performed, the situation regarding supersymmetry is a little more complicated. For generic choices of Φ (4) , the associated 16 Killing spinors will all depend (periodically) on x + , and consequently they will all be projected out, at the level of the low-energy effective field theory, in the circle reduction involved in the T-duality transformation. Of course at the level of the full string theory, where winding states are included too, the supersymmetry will survive the Tdualisation (provided the radius of the circle is appropriately chosen.) This is an example of the phenomenon of "supersymmetry without supersymmetry," which was proposed in [14, 15] . The Penrose limit of AdS 5 × S 5 , for which Φ (4) is given by (3), is a special case since there are 16 additional Killing spinors. We shall discuss this below, after first giving a discussion applicable to the generic situation with only 16 Killing spinors in total.
Deformed M2-branes of the form (7) , with the transverse 8-metric dz 2 i replaced by a Ricci-flat metric of special holonomy, and Φ (4) an L 2 -normalisable self-dual harmonic 4form have been discussed extensively [16, 17, 18, 19, 20, 21] . The condition for a Killing spinor ǫ of the undeformed solution to survive the deformation is that [22, 16, 18] Φ abcd Γ bcd ǫ = 0 (8) in the transverse space. In our present context we instead take the 8-space to be flat, and Φ (4) to be constant (and hence non-normalisable).
The (isotropic) solution to (5) is given by
where r 2 ≡ z 2 i . The criterion for a Killing spinor in the original undeformed solution (with Q = 0 but with µ = 0 and hence m = 0, and hence 1 2 supersymmetry) to remain a Killing spinor after the deformation (µ = 0) is still (8) , and so by appropriate choices for the nonvanishing components of Φ (4) one can arrange for some fraction of the supersymmetry to be preserved. In the case of a generic Φ (4) the supersymmetry of the deformed solution is the same whether or not the charge Q is non-zero.
By contrast, the analysis of supersymmetry for the M2-brane T-dual to the Penrose limit of AdS 5 × S 5 is a special case. Naively, by applying the criterion (8) to the expression for Φ (4) given in (3), one would draw the conclusion that this particular M2-brane has no supersymmetry, since the operator in (8) has no zero eigenvalues. As we shall discuss in section 7, in this particular case it is incorrect to check the supersymmetry by first finding the Killing spinors of the undeformed solution and then testing to see whether they survive in the criterion (8) . Specifically, there are in fact 16 Killing spinors when µ = 0 and Q = 0, but they are disjoint from the 16 that one has when Q = 0 and µ = 0. Their existence depends on non-zero contributions from the Φ (4) terms in the supersymmetry transformation rules cancelling against the other terms that are present even in the undeformed background.
Thus although the general solution with both Q and m non-vanishing has no supersymmetry in this example, one gets two disjoint sets of 16 Killing spinors in the two cases Q = 0 or m = 0.
In the rest of this paper, we shall consider various possibilities for the constant self-dual 4-form Φ (4) in (2), focusing on those cases where the corresponding T-dualised deformed solutions have surviving supersymmetries. In general it is not clear that the type IIB ppwave solutions with Φ (4) more general than (3) will have interpretations as Penrose limits. However, in one example we find that such an interpretation does arise. From the deformed M2-brane point of view, this example is inspired by considering the transverse space E 8 as an orbifold limit of K3×K3, where the harmonic 4-form is a direct product of the Kähler forms of the two K3 factors;
It is straightforward to verify from (8) that the associated deformed M2-brane will have 1 point of view, the pp-wave solution can be obtained as a Penrose limit of the near-horizon limit of an intersection of two D3-branes. This near-horizon limit itself is AdS 3 × S 3 × T 4 (or AdS 3 × S 3 ×K3).
In section 3 we discuss the supersymmetry of the general pp-wave solutions, focusing in particular on the question of whether there are Killing spinors that are independent of the x + coordinate, and thus will survive at the field theory level after a T-duality transformation.
In section 4, we present a general class of Φ (4) structures that will give rise to x + -independent Killing spinors. We obtain examples that give rise to deformed M2-branes that preserve fractions n/16 of supersymmetry with 1 ≤ n ≤ 6. In section 5 we consider the solvable massive string actions associated with these pp-wave solutions.
In section 6 we address the issue of the spacelike or timelike nature of the x + coordinate, and its effect on the nature of the T-dualised theories. In section 7 we examine in detail the deformed M2-brane that is T-dual to the Penrose limit of AdS 5 × S 5 , showing how it is supersymmetric despite violating the usual supersymmetry criterion (8).
D3/D3 brane intersection and its Penrose limit
Let us begin by considering a standard D3/D3 brane intersection, for which the metric and self-dual 5-form are given by
where
For simplicity, we shall take Q 1 = Q 2 = λ 2 . In the near-horizon limit, we then find that the metric becomes
After transforming from the Poincaré coordinates (r, t, x 1 ) to global coordinates (ρ, t, γ) in the AdS 3 metric ds 2 3 , and writing
the Penrose limit can be taken as
with the constant λ sent to infinity. By this means, the solution becomes the pp-wave
The function H is given by
Comparing with (2), we see that the self-dual 4-form Φ (4) is precisely of the form given in (10) .
It is worth pointing out that in this example, and indeed in all analogous Penrose limits, we can generalise (15) in the following way. The expressions for t and ψ in (15) can be replaced by
where c 0 is a constant. Now we obtain a metric of the same form as in (16) , except that now H is given by
This means that there can be a regime where H is positive, implying that x + is then a spatial coordinate and x − a timelike coordinate. Note that this same generalisation can be made in the standard Penrose limit of AdS 5 × S 5 , allowing H in equation (4) to become
In fact the generalised Penrose limit that we are introducing here is nothing but a general coordinate transformation in which one sends x − −→ x − − 1 4 c 0 x + . Note that although the summation range is restricted in (17), we could instead solve the type IIB equations of motion for configurations of the form (16) with a summation over the entire range 1 ≤ i ≤ 8, although then the interpretation as a Penrose limit of the D3/D3 brane intersection would be lost.
In order to study the supersymmetry of these type IIB solutions, it will prove to be useful to give a more general discussion of supersymmetry for solutions of the form (4) and (2). This forms the topic of the next section.
Supersymmetry analysis for the pp-wave solutions
The discussion in this section follows the strategy described in [1] , with appropriate generalisation and adjustment to our notation and conventions. The spinor covariant derivative in the metric (4) can be seen to take the form
With a suitable normalisation for the self-dual 5-form, the supercovariant derivative D M is given by
With F (5) given by (2), one then has
Note that in the type IIB theory there are two independent supersymmetry parameters ǫ, which are both of the same chirality. Thus each could potentially give up to 16 Killing spinors, implying a total maximum of 32.
Following the arguments presented in [1] , one can now straightforwardly show that Killing spinors, which satisfy D M ǫ = 0, are independent of x − , and are given by
where χ has only x + dependence, governed by
Additionally, one has the requirement
It is this equation that determines the number of Killing spinors. Note that for any solution H(z i ) one is guaranteed to have at least 16 Killing spinors χ = Γ − χ 0 , since every term in (27) contains a factor of Γ − . It follows from (25) that these 16 Killing spinors are independent of the z i coordinates. If H is quadratic and isotropic in all the z i , so that ∂ i H = k z i for some constant k, then the possibility exists that there may be further solutions to (27) .
(This possibility is apparently realised only for the case associated with the Penrose limit of AdS 5 × S 5 , with Φ (4) given by (3) [1].)
Equation (26) then determines their dependence on x + ,
and (25) gives the z i dependence. If a particular solution for χ has the property that W χ = 0, then the associated Killing spinor will be independent of the coordinate x + .
Let us now apply the above analysis to our solution in section 2, for which we shall have
In this case it turns out that the only solutions to (27) are the total of 16 generic ones corresponding to χ = Γ − χ 0 . Of these, it is straightforward to see that 8 are annihilated by the operator W , and thus we have 8 Killing spinors that do not depend on the coordinate x + .
Since this is the coordinate on which we performed the T-duality transformation in section 2, it follows that after T-dualising we shall obtain a deformed type IIA string solution, and hence a deformed M2-brane solution, with 8/32 = 1/4 supersymmetry preserved. This
accords precisely with what one expects in the M-theory picture, as we discussed in section 1.
It is instructive to contrast this with the situation for the Penrose limit of AdS 5 × S 5 , where Φ (4) is given by (3) and so
It is easily seen that now we have [W, Ω i ] = 2µ Γ − Γ i , and so, as discussed in [1] , the maximum of 32 Killing-spinor solutions to (27) is achieved, provided that one has
(The constant c 0 was not included in the discussion in [1] , nor is it usually presented in the Penrose limit of AdS 5 × S 5 , but its inclusion does not affect the conclusions about supersymmetry, since H appears in the spin connection only via its derivative. Furthermore, as we showed in section 2, it can easily be introduced in the Penrose limit, via a coordinate transformation x − −→ x − − 1 4 c 0 x + .) The matrix W given in (30) annihilates the 16 spinors η that are not annihilated by Γ − , and so from (28) it follows that the associated 16 Killing spinors are independent of x + . This verifies a statement made in [4] . It contradicts a statement in [1] , where it was stated that all 32 Killing spinors depend on the x + coordinate (called x − in [1] ). The explanation for this is that [1] did not take into account that W has 16 zero eigenvalues. 2 The fact that this Penrose limit of AdS 5 × S 5 has 16 Killing spinors that are independent of x + has the rather remarkable consequence that there should exist, in the T-dualised picture, a deformed M2-brane solution whose additional 4-form flux violates the usual supersymmetry condition (8) and yet is in fact supersymmetric. We shall return to this question in section 7, where we shall construct this M2-brane solution explicitly, and demonstrate its supersymmetry.
x + -independent Killing spinors in pp-waves
Having seen in the previous section that there can exist configurations for the 5-form field that give rise to pp-waves with Killing spinors that do not depend on the coordinate x + , it becomes of interest to classify the possible 5-form structures, to see what fractions of x + -independent Killing spinors can be achieved. In this section we have in mind the generic situation where there are exactly 16 Killing spinors in total, all annihilated by Γ − . The question, therefore, is how many of these are annihilated by W , defined in (24) , since as we showed, it is these Killing spinors that will be independent of x + . In turn, this subset of the Killing spinors will survive at the field theory level in a T-duality transformation.
As we discussed earlier, the T-dualised solutions can be lifted to D = 11, where they become deformed M2-branes with an extra self-dual 4-form flux in the 8-dimensional flat transverse space. One might expect that the smallest degree of unbroken supersymmetry that could be achieved for such deformed M2-branes would be in a case where the 4-form flux was related to that seen in the harmonic 4-form of a transverse space of Spin (7) holonomy.
Motivated by this, it is therefore natural here to consider a self-dual 4-form Φ (4) = L (4) + * L (4) where L (4) has 7 structures, which can be taken to be 
where dz ijkℓ ≡ dz i ∧ dz j ∧ dz k ∧ dz ℓ , and the m i are constants. From this, one constructs the matrix W given in (24) Having determined the numbers of x + -independent Killing spinors for these pp-wave solutions of the type IIB theory, we can now directly examine the associated deformed M2brane solutions in D = 11 supergravity. Here, the criterion for unbroken supersymmetry is given by substituting the 4-form Φ (4) in the transverse space into (8) . After examining all the cases, we find that the numbers of Killing spinors associated with imposing n ≤ 6 of the equations (33) is again 2n, as was suggested by T-duality. It is interesting to note that the supersymmetry fractions that can thus be achieved, namely { The Killing spinors in the pp-wave solutions in this section are all annihilated by Γ − , and so from (25) they are all independent of z i . Thus the subsets that are annihilated by W are independent of all the coordinates. It is worth remarking that the supersymmetry of the solutions in this section requires only that H satisfy (5) , and so, in particular, the charge Q in (9) can be non-zero.
String actions on the pp-waves
The light-cone gauge string actions for the pp-wave solutions we have obtained in this paper are given by
where W is given by (24) . This is an exactly-solvable massive free string theory, whose character is determined by W and the pattern of non-vanishing µ i . The number of zero eigenvalues of W associated with eigenspinors that are not annihilated by Γ − determines the number of massless fermions.
In the case associated with the Penrose limit of AdS 5 × S 5 , all the relevant eigenvalues of W are non-zero, and thus one has 8 massive fermions (with equal mass). All the bosonic masses are equal too, since H is isotropic in z i . This solution has the additional 16 Killing spinors that are independent of x + (the time coordinate in this context), implying that the linearly-realised supersymmetry commutes with the Hamiltonian and hence that the fermionic and bosonic masses are equal here [4] .
In our further examples of supersymmetric pp-waves with Φ (4) given by (32), the matrix W can have n zero eigenvalues when 1 ≤ n ≤ 6 of the equations (33) are satisfied. This implies that n fermions are massless while (8 − n) are massive. Since there are no "additional"
Killing spinors that are not annihilated by Γ − in these cases, the masses for the bosons and fermions may not in general be equal.
The example of the Penrose limit of the D3/D3 system, discussed in section 2, is a special case of (32) where Φ (4) is given by (10) . The light-cone Lagrangian is given by
with W given by (29). In this case there are four massive fermions and bosons (with equal messes), and four massless fermions and bosons. 3 This is similar to the result one obtains from the D1/D5 system [4, 10] . However, the fermion structure is different because in the D1/D5 system there is a non-vanishing R-R 3-form, whilst in our case it is the 5-form that is non-vanishing. Note that we can replace the 4-space whose coordinates are z i for 1 ≤ i ≤ 4 by a T 4 /Z N orbifold. The twisted states arising from this orbifolding can be analysed in a conventional way, since the associated target-space coordinates correspond to massless free fields.
Spacelike vs. timelike T-duality, and phase transitions
In presenting the pp-wave solution (4) or (6), we have chosen to treat x + as a spacelike coordinate, by taking H to be positive. This means that we can perform a spacelike Tduality transformation on the coordinate x + , leading to deformed M2-brane solutions in M-theory. As we discussed in section 1, the positivity of H can be justified since the general (isotropic) solution to (5) can be taken to be (9) . Moreover, even though the term involving Q would not arise in a Penrose limit the constant c 0 does, and so it is always possible to find a region of spacetime where x + is spacelike.
On the other hand, the pp-wave solution that is of particular interest in the context of Penrose limits corresponds to setting Q = 0. For sufficiently large values of z 2 i the coordinate x + becomes timelike, and indeed in the discussion of solvable string actions one chooses the light-cone gauge where x + is set equal to the worldsheet time coordinate [5, 4] .
Whilst T-duality generalises to a timelike U (1) isometry in the heterotic string theory [23] , it breaks down for the type II string theories because of the Ramond-Ramond sector [24] .
In fact it has been proposed that the type IIA and IIB theories are timelike T-dual to new theories called type IIB * and type IIA * respectively, where all the R-R field strengths have kinetic terms of reversed sign [25] . Thus an alternative viewpoint is to consider a timelike T-duality on the x + direction for the pp-wave solution, in the region where H < 0, and obtain now a regular 2-brane in the M * theory in (2, 9) spacetime signature that was introduced in [26] .
Whichever view one takes, it will not affect the conclusions about the supersymmetry of the T-dualisations of the pp-wave solutions that we have obtained here. From a practical point of view, it is simpler to analyse the supersymmetry in the region where H is positive.
If we consider the deformed M2-branes with H given by (9) where Q as well as m is non-zero, the solution close to r is the near-horizon limit AdS 4 × S 7 , which is dual to a three-dimensional superconformal field theory. On the other hand at large r, the solution approaches a deformed 2-brane of M * -theory that is T-dual to a pp-wave in the type IIB string. Thus the naked singularity of the M2-brane that arises as H passes through 0 can be argued to be a low-energy artefact of eleven-dimensional supergravity. It is in fact the point where a phase transition would take place, as one passes from the M-theory to M * -theory description. From the type IIB point of view, there is no singularity in the metric as H passes through zero (see (4) ). On the other hand it is singular at r = 0 (if Q is non-zero), whilst this is perfectly regular in the M-theory picture where it corresponds to the AdS 4 ×S 7 near-horizon limit.
In the r −→ 0 limit the metric becomes AdS 4 × S 7 and hence the supersymmetry is fully restored. At large r, the solution can be T-dualised to the pp-wave in type IIB, which preserves at least half the supersymmetry. Thus the deformed M2-brane is dual to a threedimensional field theory whose renormalisation group flow runs from the conformal fixed point in the infra-red regime (at small r) to a non-conformal theory as the energy increases.
At a certain intermediate energy scale there is a phase transition associated with the naked singularity of the M2-brane. In the ultra-violet limit the theory is related by T-duality to an exactly-solvable massive IIB string theory.
A new supersymmetric deformed M2-brane
We observed at the end of section 3 that the fact that 16 of the Killing spinors in the Penrose limit of the AdS 5 × S 5 are independent of x + means that after performing a Tduality transformation on the x + coordinate, we must obtain a deformed M2-brane solution of D = 11 supergravity that preserves half the supersymmetry. This is a rather remarkable conclusion, since we know that the field configuration (3) for its additional 4-form flux violates the condition (8) that is normally taken as the criterion for surviving supersymmetry in the deformed solutions. In fact, as we shall show, this particular deformed M2-brane is a special case for which the criterion (8) is not the relevant one. We shall proceed by constructing the M2-brane solution directly in eleven dimensions, and then checking its supersymmetry.
The new M2-brane takes the form given in (7) , with the self-dual 4-form Φ (4) given by (3) . Substituting into the gravitino transformation rule δψ M = D M ǫ, with
we therefore find that
where W is given by (24) and Γ ≡ 1 6 ǫ µνρ Γ µνρ . (Note that all indices on Γ matrices are tangent-frame indices.)
With the specific W for this example, given by (3), we have the following properties:
One can now verify, using these properties, that the following spinors ǫ satisfy the Killingspinor condition D M ǫ = 0:
where η is a constant spinor satisfying (1 + Γ) η = 0 (and hence W η = 0). In addition, the function H must satisfy
or, in other words,
Thus we have verified that there are 16 Killing spinors for this deformed M2-brane solution,
which is precisely the one related by T-duality to the pp-wave that is the Penrose limit of
It should be emphasised that the supersymmetry in this solution is achieved by "trading off" the contributions from the extra 4-form flux (the W terms in (38) and (39)) against the ∂ i H terms that usually cancel by themselves in the supersymmetry transformation rules for a deformed M2-brane. It is for this reason that the usual supersymmetry criterion (8) is inapplicable in this special case.
We can also use the results in this section to study the supersymmetries of the deformed M2-branes related by T-duality to the various supersymmetric pp-waves obtained in section (4), with the 4-form Φ (4) given by (32). In these cases there is no longer any "trading off" between the W terms and the ∂ i H terms in (38) and (39), and hence any Killing spinors must be annihilated by these two types of term separately. This means that the supersymmetry any n of the equations (33) are satisfied, with 1 ≤ n ≤ 6. This is exactly in accordance with our supersymmetry discussion for the pp-waves in section 4, where we counted the subset of the 16 Killing spinors that were independent of x + .
It is interesting to compare our results for these supersymmetric deformed M2-branes with the results in [27] , where a self-dual 4-form with a structure contained within (32) was considered. In [27] the 4-form L (4) was taken to be the G 2 -invariant structure constants in the multiplication table of the imaginary octonion units, and the solution was found to be non-supersymmetric. This corresponds to all the seven constants m i having unit magnitude, |m i | = 1, and it is then evident from (33) that there will be no supersymmetry.
It is also worth remarking that we can obtain further examples of supersymmetric deformed M2-branes by taking Φ (4) to be harmonic and given by Φ (4) = r −8 (L (4) + * L (4) ), with L (4) again given by (32). The fractions of preserved supersymmetry are again governed by (33). For the solutions with Φ (4) = r −8 (L (4) + * L (4) ) the 4-form is square integrable at large distance but divergent at small distance. The resulting solution is accordingly well-behaved at large distance, but has a naked singularity at small distance. The singularity can be resolved by replacing the flat transverse space by a Ricci-flat space with special holonomy that admits an L 2 -normalisable harmonic 4-form [17, 19, 20, 21] . By dimensional reduction
and T-duality we can then obtain pp-waves in type IIB supergravity where the flat 8-metric is replaced by the space of special holonomy. However, although these pp-waves are nonsingular, there is no reason to expect that these backgrounds would correspond to exactly solvable string theories.
